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Dynamic Modeling of a Smart Materials Robot

S. S. Ge,¤ T. H. Lee,† and J. Q. Gong‡

National University of Singapore, 119260 Singapore

Three dynamic models of a smart materials robot are presented. First, Hamilton’s approach is adopted to
derive an accurate model expressed in partial differential equations, which is too complicated to be applicable
in engineering practice. Based on the partial differential equations model, the assumed modes method and the
� nite element method are employed to derive two � nite dimensional models in the forms of ordinary differential
equations,which are readily usable for controller design. All of the models show that the model of a smart materials
robotcannotbe simply taken tobe thesameas thatof a pure� exible robot, andthe parameters of the smartmaterials
robot should be properly chosen to avoid the divergent open-loop responses. For completeness, both mechanical
dynamicsand electrical dynamicsare explicitly included in all of these models, although it is shown analyticallyand
numerically that the latter dynamics can be omitted in engineering applications. Comparative studies between the
assumedmodesmethod modeland the � nite element method model are carried outby numerical simulationsin both
time and frequency domains to verify the correctness of the models and to analyze the performance of the system.

Nomenclature
a = thicknessesof the beam
B = magnetic � ux density vector, 2R3

b = width of the beam and that of the smart materials
CA = centripetal/Coriolis matrix in the assumed modes

method (AMM) model
cL = stiffness per unit length of the smart materials

robot, 1
3
bf.cM

11a3=4/ C cS
11[.a=2 C c1/3

C .a=2 C c2/3 ¡ a3=4]g
c1 = thicknessesof upper surface of smart

materials plate
c2 = thicknessesof the lower surface of smart

materials plate
cM = symmetric matrix of elastic stiffness coef� cients

of the pure beam, 2R6 £ 6

cS = symmetric matrix of elastic stiffness coef� cients
of the smart materials, 2R6 £ 6

cM
11 = stiffness of the pure beam

c11
S = stiffness of the piezoelectricmaterials

D 2 R3 = electrical displacement vector
D.x; t/ = electrical displacement at point P
dia ; dib = electrical displacements at nodes a and b of

element i
Ek = system kinetic energy
E p = system potential energy
E2R3 = electrical � eld intensity vector
FA2RN C 1 = external force vector in the AMM model
FM 2R6 = simpli� ed stress vector of the pure beam
FS2R6 = simpli� ed stress vector of the smart materials
H = magnetic � eld intensity vector, 2R3

H .x; t/ = magnetic � eld intensity at point P
h = coupling coef� cients matrix, 2R6 £ 3

hL = coupling parameter per unit length of the smart
materials robot, 1

2
h12b.c1 ¡ c2/.c1 C c2 C a/

Ih = inertia of the hub
i = number of the order of element
KA = stiffness matrix in the AMM model
MA = inertia matrix in the AMM model
m3 = tip payload
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N = number of the modes in the AMM modeling or
number of � nite elements in the � nite element
method (FEM) modeling

oi = position vector of origin of the i th frame
expressed in the � xed-base frame

pi = position vector from oi to point P expressed in
the � xed-base frame

r = position vector of point P expressed in the
� xed-base frame (for the AMM modeling)

ri = position vector of the point P expressed in the
� xed-base frame (for the FEM modeling)

S2R6 = simpli� ed strain vector
T2RN C 1 = nonconservativegeneralized force vector applied

to the system
via ; vib = linear displacementsat nodes a and b of element i
W = virtual work done by the nonconservativeforces
w.x; t/ = de� ection at point P
wi = de� ection at point P of element i
.X; O; Y / = local reference frame with axis OX being tangent

to the beam at the base
.X0; O0; Y0/ = � xed-base frame
.xi ; oi ; yi / = local reference frame of element i
¯ = symmetric matrix of impermittivity

coef� cients, 2R3 £ 3

¯L = impermittivity per unit length of the smart
materials robot, b.c1 C c2/¯22

µ.t/ = joint angle at the hub
¹ = permeability coef� cients matrix, 2R3 £ 3

¹L = permeability per unit length of the smart
materials robot, b.c1 C c2/¹33

½L = mass per unit length of the smart materials
robot, .c1 C c2/b½2 C ab½1

½1 = mass per unit volume of pure beam
½2 = mass per unit volume of smart materials
Áia ; Áib = rotational displacements at nodes a and b

of element i
Ãi .x/ = the i th modes shape function or the eigenfunction

Introduction

B OTH the rigid-body and elastic deformations should be pre-
cisely controlled in the mission of � exible space structures.

According to current thinking,a small number of high-authorityac-
tuators are attached to the host structure to achieve this task.1 – 4 It
requires that the modes of the system be known to a high degree of
accuracy, which is actually very tough because accurate dynamics
for a large space structure are hard to obtain.

An alternative approach is the use of a smart structure, i.e., a
structurewith networks of highly distributedactuators, sensors,and
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processors.Such a system allows the distributedcontrol strategiesto
be easilyimplementable,thoughit cannotbe implementedbya small
number of sensors and actuators.Piezoelectricmaterials are readily
available to serve as actuators and sensors in this distributedcontrol
approach because of their unique properties to achieve the trans-
formation between the mechanical and electrical energies. Much
theoretical and experimental work to investigate the properties of a
beamattachedbypiezoelectricmaterials5– 9 hasbeenreportedin the
literature.Pioneeringresearchwork hasbeen carriedout in Ref. 5 on
the modeling of smart structures.The effects of dynamic couplings
between the host structure and piezoelectric materials were exam-
ined. Dynamic models have been developed and experimentally
veri� ed for three important cases: direct-voltage-drivenelectrodes,
direct-current-drivenelectrodes, and indirect drive cases. From the
basic piezoelectricstress-strain relationship,static and dynamic an-
alytic models were derived for segmented piezoelectric actuators
that were bonded to an elastic substructure or embedded in a lami-
nate composite.6 Based on the conventional Euler–Bernoulli beam
theory, the model of a beam with its upper surface coveredby piezo-
electric materials was derived from a dynamic force balance point
of view in Ref. 7. The model in Ref. 7 and its series solution were
developed from a virtual work approach in Ref. 8. The interactions
between the host structure and the smart materials were discussed
in Ref. 9, which showed that the mechanical properties of smart
materials should be considered in the modeling of a smart materials
beam.

In this paper, a � exible link robot covered by two piezoelectric
plateson both surfacesis discussed.Three models for this smart ma-
terials robot are obtainedsystematically.To obtain a full model with
both electrical dynamics and mechanical dynamics, both electrical
and mechanical properties of the smart materials (rather than the
piezoelectric stress-strain relationship only) and mechanical prop-
ertiesof the � exible robot are taken into consideration.First, Hamil-
ton’s approach is used to derive a theoretical model in the form
of partial differential equations (PDEs), which is too complicated
to be applicable in engineering practice. Then an assumed modes
method (AMM) and a � nite element method (FEM) are used in as-
sociation with the Lagrange approach to obtain two approximated
� nitedimensionalmodels in formsof ordinarydifferentialequations
(ODEs). These two approximatedmodels can be written in the con-
ventional state-space forms, for which advanced controller design
can be investigated.Based on thesemodels, the system performance
of a smart materials robot is discussed.

The rest of the paper is organized as follows. First, fundamen-
tal concepts and equations of piezoelectric materials robots are
brie� y described. Second, Hamilton’s approach is discussed in de-
tail. Third, models based on AMM and FEM, respectively, are de-
veloped.Finally, the comparativesimulation studies are carried out,
followed by a conclusion.

Fundamentals of Piezoelectric Materials Robots
Piezoelectric materials are a special kind of material that can

realize the energy transformation between mechanical energy and
electricalenergy.To introduce the dynamics of the electricalquanti-
ties, we will consider all of the mechanical energy, electrical energy,
and magnetic energy.

In this paper, superscript M is used for the mechanicalquantities,
E for the electrical quantities, C for the coupled quantities, and S
for the quantities related to the smart materials.

We have the following fundamental relationships.
1) Piezoelectric effects10:

FS D cSS ¡ hD (1)

E D ¡hT S C ¯D (2)

2) Magnetic properties, neglecting the piezomagnetic effects:

B D ¹H .3/

3) Mechanical properties of the pure beam:

FM D cM S .4/

Modeling with Hamilton’s Approach
System Structure and Basic Assumption

The � exible robotunderstudy is envelopedby two platesof piezo-
electric materials, which can act as actuators or sensors for better
controller performance. One end of the beam is rigidly attached
to the rotor of a motor in the horizontal plane. Thus, the effect of
gravity is neglected.

It is assumed that only the motor torque is applied to the hub and
the tip payload is consideredas a point mass. The schematicsof the
system are shown in Fig. 1, and the geometryof the system is shown
in Fig. 2.

From Fig.2, it is easilyfoundthat, exceptfor the jointangle,which
is a function of time t only, all functions depend on both x and t ,
and their de� nition domains are [0; L] £ [0; 1] unless otherwise
stated.

In this paper, we make the standard assumption of small de� ec-
tion. As shown in Fig. 2, electrical displacement D.x; t/ is perpen-
dicular to the beam in the plane of X OY . Thus its z component
Dz D 0. Moreover, due to the small de� ection, we have Dx ¿ Dy ;
therefore,we assume that Dx D 0. The magnetic � eld intensity H is
perpendicular to the plane X OY ; consequently, Hx D Hy D 0. We
will be concernedaboutonly Dy and Hz in the followingdiscussion.

Kinetic Energy
The kinetic energy includes two parts: the mechanical kinetic

energy and the electrical kinetic energy. The latter is actually the
magnetic energy. It is called electrical kinetic energy here because
it is related to the time derivativeof the electrical displacement and
is independentof the electricaldisplacement,11 which will be shown
later on. In the following derivation, we assume that the length of
the beam is constant.

First, the mechanicalkinetic energy is derived.The position vec-
tor r of a point P on the beam can be expressed in the � xed-base
frame as

r D
cos µ ¡sin µ

sin µ cos µ

x

w.x; t/
.5/

Fig. 1 Structure of the � exible link robot enveloped with piezoelectric
materials.

Fig. 2 Coordinate systems of the smart materials robot.
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and we have

Pr D dr
dt

D

&

66$
d

dt
.x cos µ ¡ w.x; t/ sin µ/

d

dt
.x sin µ C w.x; t/ cos µ

’

77%

D
cos µ ¡sin µ

sin µ cos µ

Px ¡ w.x; t/ Pµ
Pµx C Pw.x; t/

D
cos µ ¡sin µ

sin µ cos µ

¡w.x; t/ Pµ
Pµx C Pw.x; t/

(6)

where Px D 0 because the length of the beam is assumed to be a
constant.

The mechanical kinetic energy is then given by

E M
k D 1

2
Ih

Pµ 2 C .c1 C c2/b½2 C ab½1

2

L

0

PrT .x; t/ Pr.x; t/ dx

C
m3

2
PrT .L ; t/ Pr.L ; t/ D 1

2
Ih

Pµ 2 C ½L

2

£
L3

3
Pµ 2 C

L

0

f[¡w.x; t/ Pµ ]2 C 2x Pµ Pw.x; t/ C Pw2.x; t/g dx

C
m3

2
f[w.L ; t/ Pµ ]2 C [L Pµ C Pw.L; t/]2g (7)

The � rst term on the right-hand side of Eq. (7) is the kinetic energy
of the hub, the second term is that of the smart materials beam, and
the third term is that of the payload.

The electrical kinetic energy, i.e., magnetic energy, is derived as
follows.

According to the Maxwell equation,12

r £ H D
@D
@t

.8/

and recalling that Dx D Dz D 0, Hx D Hy D 0, as stated in the pre-
ceding subsection, the equation of Hz can be written as

Hz.x; t/ D ¡
x

0

PDy.»; t/ d» .9/

We can see that Hz.x; t/ is a function of the time derivative of
Dy.x; t/. Thus, the magnetic energy is looked on as the electrical
kinetic energy, which is in the form

E E
k D

b.c1 C c2/¹33

2

L

0

x

0

PDy.»; t/ d»

2

dx

D ¹L

2

L

0

x

0

PDy .»; t/ d»

2

dx (10)

The total kinetic energy of the system is the sum of mechanical
kinetic energy and electrical kinetic energy, i.e.,

Ek D E M
k C E E

k .11/

Potential Energy
Recalling that the robot is in the horizontal plane, we do not

include gravitational energy.
Before calculating the mechanical potential energy, a strain cal-

culation is in order13:

S1 D ¡y
@2w.x; t/

@x2
; S2 D S3 D S4 D S5 D S6 D 0

The total potential energy is given by

E p D 1
2

b
L

0

¡ a
2

¡ a
2 ¡ c2

[ST FS C ET D] dy dx

C 1
2

b
L

0

a
2

¡ a
2

ST FM dy dx

C 1
2

b
L

0

a
2 C c1

a
2

[ST FS C ET D] dy dx

D
b

2

1

3

cM
11a3

4
C cS

11

³
a

2
C c1

´3

C
³

a

2
C c2

´3

¡
a3

4

£
L

0

@2w.x; t/

@ x2

2

dx C .c1 C c2/¯22

L

0

D2
y.x; t/ dx

C
1

2
h12.c1 ¡ c2/.c1 C c2 C a/

L

0

Dy.x; t/
@2w.x; t/

@ x2
dx

D
cL

2

L

0

@2w.x; t/

@x2

2

dx C
¯L

2

L

0

D2
y .x; t/ dx

C hL

L

0

Dy .x; t/
@2w.x; t/

@x2
dx (12)

From Eq. (12), it can be found that the potential energy includes
three parts: the mechanical potential energy, the electrical potential
energy, and the coupled potential energy.

Virtual Work
The virtual work includes two parts: the mechanicalvirtual work,

which is from the motor torque, and the electrical virtual work,
which is done by the voltages exerted on the smart materials actua-
tors. We will derive them successively.

The mechanical virtual work is in the form

±W M D ¿±
@w.0; t/

@x
C ¿ ±µ .13/

Assuming that the applied voltage is a function of both x and t, the
electrical virtual work is obtained:

±W E D
L

0

bV .x; t/±Dy .x; t/ dx .14/

The total virtual work is then given by

±W D ±W M C ±W E .15/

Hamilton’s Approach
The celebrated Hamilton’s principle is described as14

±
t1

t0

.Ek ¡ E p C W / dt D 0 .16/

where ±. / denotes the variational operator.
In derivingthe model by Hamilton’s approach,the followingcon-

ditions are used:

±x D 0

dn x

dtn
´ 0; n D 1; 2; 3; : : :

±µ.t0/ D ±µ.t1/ D 0
(17)

±w.x; t0/ D ±w.x; t1/ D 0

±Dy .x; t0/ D ±Dy.x; t1/ D 0

±w.0; t/ D 0;
@

@x
±w.0; t/ D 0

where the � rst two conditions are due to the constant length of the
beam, the following three conditions are standard assumptions that



GE, LEE, AND GONG 1469

variationsvanish at the two endpointscorrespondingto t D t0 and t1,
the last two conditionshold because the beam is � xed at x D 0, and
the local reference frame is selected such that axis O X is tangent
to the beam at the base.

Substituting Eqs. (11–15) into the left-hand side of Eq. (16), in-
voking the conditionsin Eq. (17), and integratingby parts,we arrive
at

t1

t0

±.Ek ¡ E p C W / dt

D
t1

t0

P1±µ dt C
t1

t0

L

0

P2±w.x; t/ dx dt

C
t1

t0

L

0

P3±Dy .x; t/ dx dt C
t1

t0

P4±w.L; t/ dt

C
t1

t0

P5
@

@x
±w.L ; t/ dt C

t1

t0

P6

L

0
±Dy.»; t/ d» dt (18)

where

P1 D
³

¡Ih ¡
L3½L

3

´
Rµ ¡ ½L

L

0

[2w.x; t/ Pw.x; t/ Pµ

C w2.x; t/ Rµ C x Rw.x; t/] dx ¡ m3[2w.L; t/ Pw.L ; t/ Pµ

C w2.L; t/ Rµ C L2 Rµ C L Rw.L ; t/] C ¿

P2 D ½L [w.x; t/ Pµ 2 ¡ x Rµ ¡ Rw.x; t/]

¡ cL
@4w.x; t/

@x4
¡ hL

@2 Dy .x; t/

@x2

P3 D ¹L

x

0

»

0

RDy.³; t/ d³ d» ¡ ¯L Dy .x; t/ (19)

¡ hL
@ 2w.x; t/

@x2
C bV .x; t/

P4 D m3[w.L ; t/ Pµ 2 ¡ L Rµ ¡ Rw.L ; t/]

C cL
@3w.L ; t/

@x3
C hL

@ Dy.L ; t/

@x

P5 D ¡cL
@ 2w.L; t/

@x2
¡ hL Dy.L ; t/

P6 D ¡¹L

L

0

x

0

RDy.»; t/ d» dx

which, to satisfy Eq. (16), yields the PDEs
³

Ih C
L3½L

3

´
Rµ C ½L

L

0

[2w.x; t/ Pw.x; t/ Pµ C w2.x; t/ Rµ

C x Rw.x; t/] dx C m3[2w.L ; t/ Pw.L ; t/ Pµ C w2.L ; t/ Rµ

C L2 Rµ C L Rw.L ; t/] D ¿ (20)

½L [w.x; t/ Pµ 2 ¡ x Rµ ¡ Rw.x; t/] D cL
@4w.x; t/

@ x4
C hL

@2 Dy .x; t/

@x2

(21)

¹L

x

0

»

0

RDy .³; t/ d³ d» D ¯L Dy .x; t/ChL
@2w.x; t/

@x2
¡bV .x; t/

(22)

and boundary conditions (BCs)

w.0; t/ D 0 (23)

@w.0; t/

@ x
D 0 (24)

m3[w.L ; t/ Pµ 2 ¡ L Rµ ¡ Rw.L ; t/] C cL
@3w.L ; t/

@ x3

C hL
@ Dy.L ; t/

@x
D 0 (25)

cL
@2w.L; t/

@x2
C hL Dy.L ; t/ D 0 (26)

¹L

L

0

x

0

RDy.»; t/ d» dx D 0 (27)

Equation (20) illustratesthe momentbalanceat the base of the robot,
Eq. (21) represents the dynamics of vibration of the smart materials
robot, and Eq. (22) is the dynamics of the electrical displacement.
Conditions (23) and (24) hold because the beam is � xed at x D 0,
and the local reference frame X OY is selected such that axis O X is
tangent to the beam at the base. Equation (21) is related to Eq. (22)
through term hL [@2 Dy .x; t/=@ x2], Eq. (22) is related to Eq. (21)
through term hL [@ 2w.x; t/=@x2], and BCs (25) and (26) are also
related to each other. However, all of these relativenesses,dynamics
of the electrical displacement (22), and BC (27) do not exist in
the model of a pure � exible robot. As a matter of fact, only when
Dy ´ 0, hL ´ 0, and V ´ 0 does the dynamic model of a smart
materials robot degrade to that of a pure � exible robot.

After some simpli� cations, e.g., Dy.x; t/ D 0, V .x; t/ D V .t/,
Pµ 2 D 0, and Rµ D 0, the dynamics of the de� ection will become the
same form as that in Ref. 7 under the assumption that the moment of
inertia of the tip payload is zero. It is clear that the model described
by Eqs. (20–27) is in� nite dimensional and is too complicated to
be directly used for controller design. Therefore, the following two
sections are dedicated to the derivation of two approximated � nite
dimensional models by AMM and FEM, respectively.

AMM Modeling
Due to the assumption of small de� ection, arc approximation4

r D xµ C w.x; t/ .28/

is used to simplifythemodel statedin theprecedingsection.Because
¹L is so small (usually in the range of 10¡12–10¡9), that item

¹L

x

0

»

0

RDy .³; t/ d³ d»

in Eq. (22) can be taken as zero, and condition(27) can be removed.
After these simpli� cations, we arrive at a simpli� ed model:
³

Ih C
L3½L

3

´
Rµ C½L

L

0

[x Rw.x; t/] dx Cm3[L
2 Rµ C L Rw.L ; t/] D ¿

(29)

¡½L [x Rµ C Rw.x; t/] D cL ¡
h2

L

¯L

@4w.x; t/

@x4
C

hL b

¯L

@2V .x; t/

@x2

(30)

Dy.x; t/ D ¡
hL

¯L

@2w.x; t/

@x2
C

b

¯L
V .x; t/ (31)

with BCs

w.0; t/ D 0;
@w.0; t/

@x
D 0

cL ¡
h2

L

¯L

@3w.L ; t/

@x3
C

hL b

¯L

@V .L ; t/

@ x
D m3[L Rµ C Rw.L; t/]

(32)

cL ¡
h2

L

¯L

@2w.L ; t/

@x2
D

hL b

¯L
V .L ; t/

For the convenience of derivation, it will be temporarily assumed
that V .x; t/ D 0, and this assumption will be removed later in the
discussion. A constrained modes method is applied, which means
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Rµ D 0. Under these assumptions,a further simpli� ed boundaryprob-
lem is obtained.

1) Equations:

¡½L Rw.x; t/ D cL ¡
h2

L

¯L

@4w.x; t/

@x4
(33)

Dy .x; t/ D ¡
hL

¯L

@2w.x; t/

@x2
(34)

2) BCs:

w.0; t/ D 0;
@w.0; t/

@x
D 0;

@2w.L ; t/

@x2
D 0

(35)

m3 Rw.L ; t/ D cL ¡
h2

L

¯L

@3w.L ; t/

@x3

To solve Eq. (33) under conditions (35), we invoke the variable
separationmethod; thus the solution of Eq. (33) is assumed to be of
the form15

w.x; t/ D 9.x/Q.t/ .36/

Substituting this equation into Eq. (33), we have

9 0000.x/

9.x/
¢

cL ¯L ¡ h2
L

½L ¯L
D ¡

RQ.t/
Q.t/

.37/

where primes denote the derivativesof x and dots denote the deriva-
tives of t . It is clear that the left-hand side of Eq. (37) is a function
of x only, whereas the right-handside dependsonly on t . Therefore,
both sides of Eq. (37) should be equal to a constant. If k is used
to denote the constant, PDE (37) can be reduced into two ODEs,
namely,

RQ.t/ D ¡k Q.t/ (38)

9 0000.x/ D ½L ¯L

cL ¯L ¡ h2
L

k9.x/ (39)

and the BCs (35) become

9.0/ D 0; 9 0.0/ D 0; 9 00.L/ D 0
(40)

9 000.L/ D
m3¯L

h2
L ¡ cL ¯L

k9.L/

It is easy to show that k D 0 and k[½L ¯L =.cL ¯L ¡ h2
L /] < 0 will lead

to trivial solutions. Thus, we will consider the condition

k
½L ¯L

cL¯L ¡ h2
L

> 0 .41/

Equation (39) can be rewritten as

9 0000.x/ D .º=L/49.x/ .42/

with
³

º

L

´4

D k
½L ¯L

cL ¯L ¡ h2
L

.43/

The general solution to Eq. (42) is of the form

9.x/ D C1 cos.ºx=L/ C C2 cosh.ºx=L/ C C3 sin.ºx=L/

C C4 sinh.ºx=L/ (44)

From BCs (40), a set of equations is obtained:

C1 C C2 D 0; C3 C C4 D 0

¡C1 cosº C C2 cosh º ¡ C3 sin º ¡ C4 sinh º D 0

C1[sin º C .m3º=½L L/ cosº] C C2[sinhº (45)

C .m3º=½L L/ cosh º] cosh º C C3[.m3º=½L L/ sin º ¡ cosº]

C C4[coshº C .m3º=½L L/ sinh º] D 0

To obtain nontrivial solutions, the determinant of the coef� cient
matrix of Eqs. (45) must be zero, i.e.,

1 C cosh º cos º C .m3º=½L L/.sinh º cosº ¡ cosh º sin º/ D 0
(46)

which may be satis� ed by an in� nite number of º. Note that only
positive º are used. Therefore it is possible to avoid trivial solutions
only when condition(41) is satis� ed. As for condition(41), because
½L and ¯L are positive constants, three cases exist.

1) Case 1:

k > 0; cL ¯L ¡ h2
L > 0 .47/

2) Case 2:

k < 0; cL ¯L ¡ h2
L < 0 .48/

3) Case 3:

k > 0; cL ¯L ¡ h2
L D 0 .49/

In the � rst case,k > 0 is required,and it canbe foundthat the solution
to Eq. (38) is harmonic. In the second case, however, the solution
to Eq. (38) will be divergent because k < 0. From the preceding
analysis, one can see that the parameters of the smart materials
robot are directly related to the performance of the system. This
result can also be derived from the FEM modeling later. In the third
case, because cL ¯L ¡ h2

L D 0, Eq. (33) and conditions (35) become
the following.

Equation:

¡½L Rw.x; t/ D 0

BCs:

w.0; t/ D 0;
@w.0; t/

@x
D 0

@2w.L ; t/

@x2
D 0; m3 Rw.L ; t/ D 0

which clearly leads to a trivial solution. Therefore, to avoid a diver-
gent solutionand a trivial solution, it is assumed that cL ¯L ¡ h2

L > 0
and k > 0 from now on.

Considering the � rst three equations in Eqs. (45), the general
solution (44) can be rewritten as

9.x/ D C2fcosh.ºx=L/ ¡ cos.ºx=L/

¡ ° [sinh.ºx=L/ ¡ sin.ºx=L/]g (50)

where

° D cosh º C cos º

sinh º C sin º
.51/

The simpli� ed smart materials robot system (33–35) under condi-
tions (47) can be solved if initial conditions are properly speci� ed:

w.x; 0/ D w0.x/ (52)

Pw.x; 0/ D w0d.x/ (53)

Letting 0 < º1 < º2 < ¢ ¢ ¢ < 1 be an in� nite number of positive
solutions to Eq. (46), we can obtain an in� nite number of solutions
to the boundary value problem, where i D 1; 2; : : : ;

Ãi .x/ D Ai fcosh.ºi x=L/ ¡ cos.ºi x=L/

¡ °i [sinh.ºi x=L/ ¡ sin.ºi x=L/]g D Ai
NÃ i .x/ (54)

where the various°i are calculatedby Eq. (46) with the correspond-
ing ºi , and the constants Ai are to be determinated later.

Because only case 1, Eq. (47), needs to be considered, constant
k must be a positive scalar. Letting k D !2 with ! being a positive
number, Eq. (38) is now in the form

RQ.t/ C !2 Q.t/ D 0 .55/
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which indicates that Q.t/ is harmonic with frequency !. Corre-
sponding to the in� nite number of ºi , an in� nite number of natural
frequencies exist:

!i D º2
i

L2

cL ¯L ¡ h2
L

½L¯L
.56/

Subsequently, an in� nite number of solutions to Eq. (55) can be
obtained:

qi .t/ D Bi cos !i t C Ci sin !i t .57/

where Bi and Ci are constants that will be determinated from the
initialconditionslater.Note thatEq. (33) is linearand homogeneous.
From the superposition or linearity principles,15 a solution w.x; t/
is given by

w.x; t/ D
1

i D 1

Ãi .x/qi .t/ .58/

The remaining problem is to determine Ai , Bi , and Ci . Before pro-
ceeding, the following orthogonal conditions are introduced:

½L

L

0

Ãi Ã j dx C m3Ãi .L/Ã j .L/ D
0 i 6D j

½L i D j
(59)

cL ¯L ¡ h2
L

¯L

L

0
Ã 00

i Ã 00
j dx D

0 i 6D j

!2
i ½L i D j

(60)

By using these two orthogonal conditions, it can be found that

Ai D 1
L

0
NÃ2

i .x/ dx C .m3=½L / NÃ 2
i .L/

1
2

(61)

Bi D
L

0
w0.x/Ãi .x/ dx C

m3

½L
w0.L/Ãi .L/ (62)

Ci D 1

!i

L

0

w0d.x/Ãi .x/ dx C
m3

½L
w0d.L/Ãi .L/ (63)

Moreover, from

L

0

NÃ 2
i .x/ dx D L

when m3 D 0, Ai can be further calculated by

Ai D

L¡ 1
2 m3 D 0

L C
4m3

½L

³
sinh ºi cos ºi ¡ cosh ºi sinºi

sinh ºi C sin ºi

2́ ¡ 1
2

m3 > 0

(64)

From Eqs. (34) and (58), the solution to the electrical displacement
can be derived as

Dy .x; t/ D
1

i D 1

¡
hL

¯L
Ã 00

i .x/qi .t/ .65/

From Eq. (65), it can be seen that the electrical displacement is also
the functionof variousqi .t/, which means that the electricaldynam-
ics with very high frequency have been neglected. It is reasonable
because the frequencies of the mechanical vibration are far below
those of the electrical vibration.

Note that the solutionsofw.x; t/ and Dy.x; t/ obtainedearlierare
validonlyfor theconservativesmart materialsrobot.For theoriginal
system (29–32), which is drivenby torque¿ and voltagesV and thus
is nonconservative,the solutions(58) and (65) are invalid.However,
in the AMM modeling, the vibration of the nonconservativesystem
is also assumed to be of the forms (58) and (65), except that the
various qi .t/, i D 1; 2; : : : ; are not given by Eq. (57) but depend

on the torque ¿ and voltage V . In the context, the various qi .t/,
i D 1; 2; : : : ; are called the generalized coordinates of the system.

As stated earlier, in the AMM modeling, the elastic vibration of
the smart materials robot is assumed to be of the form

w.x; t/ D
1

i D 0

Ãi .x/qi .t/

where the various Ãi .x/ are given by Eq. (54) and the various qi .t/
are the generalizedcoordinates. Each qi .t/ corresponds to a degree
of freedom of the system.

It is well known that the � rst several modes (corresponding to
lower frequencies) are dominant in describingthe system dynamics.
The in� nite series can be truncated into a � nite one, i.e.,

w.x; t/ D
N

i D 0

Ãi .x/qi .t/; 0 · x · L (66)

Dy .x; t/ D
N

i D 1

¡
hL

¯L
Ã 00

i .x/qi .t/; 0 · x · L (67)

De� ne the generalized coordinates vector as

Q :D [µ q1 q2 ¢ ¢ ¢ qN ]T 2 RN C 1 .68/

From Eqs. (7), (10), (11), (66), and (67) and consideringthe orthog-
onal conditions (59) and (60), the kinetic energy of the system is
then given by

Ek D E M
k C E E

k D 1
2

PQT
MA

PQ .69/

where MA 2 R.N C 1/ £ .N C 1/ is a symmetric and positive de� nite in-
ertia matrix given by

MA D

&

66666666$

d m1
A m2

A ¢ ¢ ¢ m N
A

m1
A ¾ 1

A m12
A ¢ ¢ ¢ m1N

A

m2
A m12

A ¾ 2
A ¢ ¢ ¢ m2N

A

:::
:::

:::
:::

:::

m N
A m1N

A m2N
A ¢ ¢ ¢ ¾ N

A

’

77777777%
.70/

with elements de� ned as follows:

d D Ih C I p C Ib C ½L

N

i D 1

q2
i

with

Ib D 1
3 ½L L3; I p D m3 L2

¾ i
A D ½L C ¹L h2

L

¯2
L

L

0
Ã 0

i
2
.x/ dx; i D 1; 2; : : : (71)

m i j
A D ¹L h2

L

¯2
L

L

0

Ã 0
i .x/Ã 0

j .x/ dx

i; j D 1; 2; : : : ; i 6D j

m i
A D ½L

L

0

xÃi .x/ dx C m3LÃi .L/; i D 1; 2; : : :

Similarly,usingEqs. (12), (66), and (67),we can rewrite thepotential
energy of the system in the form

E p D 1
2
QT KAQ .72/

where

KA D diag 0 !2
1½L !2

2½L ¢ ¢ ¢ !2
N ½L 2 R.N C 1/ £ .N C 1/

(73)

The same process can be applied to the virtual work (15), and it can
be rewritten as

±W D FT
A±Q .74/
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where

FA D ¿ ¡
bhL

¯L

L

0

V .x; t/Ã 00
1 .x/ dx

¡
bhL

¯L

L

0

V .x; t/Ã 00
2 .x/ dx ¢ ¢ ¢ ¡

bhL

¯L

L

0

V .x; t/Ã 00
N .x/ dx

T

The dynamicmodel of the smart materials robot can then be derived
from the Euler–Lagrange equation

d

dt

@L

@ PQ
¡ @L

@Q
D T .75/

where L D Ek ¡ E p .
SubstitutingEqs. (69), (72), and (74) into Euler–Lagrange equa-

tion (75) yields the dynamic model of the smart materials robot:

MA.Q/ RQ C CA.Q; PQ/ PQ C KAQ D FA .76/

where the elementsCA ¡ k j of CA 2 R.N C 1/ £ .N C 1/ can be calculated
by

CA ¡ k j D
N

i D 0

1
2

³
@m A ¡ k j

@qi
C @m A ¡ ki

@q j
¡ @m A ¡ i j

@qk

´
Pqi .77/

with m A ¡ i j beingthe i j th elementofmatrixMA . Substitutingm A ¡ i j

just de� ned into Eq. (77), we obtain

CA D

&

666666$

½L

N

i D 1

qi Pqi ½L q1
Pµ ¢ ¢ ¢ ½LqN

Pµ

¡½Lq1
Pµ

::: 0
¡½L qN

Pµ

’

777777%
.78/

It can be proven that PMA ¡ 2C A is skew symmetric. It can be seen
that the AMM model of a smart materials robot is also differ-
ent from the AMM model of a pure � exible robot, which can be
derived from the AMM model of a smart materials robot by setting
hL D 0.

FEM Modeling
In this section, under the same assumptions as stated before, we

derive the model of a smart materials robot by the FEM associ-
ated with the Lagrangian approach. According to the FEM, with-
out losing generality, let the beam be divided into N parts with
the same length h D L=N . Thus the system geometry changes into
the form shown in Fig. 3.

Analysis of Finite Element
Assuming the de� ectionwi .xi ; t/, 0 · xi · h can be represented

by a weighted sum of via , Áia , vi b , and Áib . In accordance with
the boundary conditions, e.g., wi .0; t/ D vi a , @wi .0; t/=@x D Áia ,
wi .h; t/ D vi b , @wi .h; t/=@ x D Áib , the weights can be chosen as
third-orderpolynomials. Therefore, we have15

wi .xi / D PT
w.xi /®i .79/

Fig. 3 Coordinate systems of the smart materials robot (FEM).

where

Pw .xi / D

&

66666$

1 ¡ 3x2
i h2 C 2x3

i h3

xi ¡ 2x2
i h C x3

i h2

3x2
i h2 ¡ 2x3

i h3

¡ x2
i h C x3

i h2

’

77777% ; ®i D

&

6666$

via

Áia

vi b

Áib

’

7777%

Moreover, the electrical displacement can also be expressed as

Dy i .xi / D PT
D .xi /q2i

(80)

PD.xi / D [1 ¡ .xi=h/ xi =h]T ; q2i D [dia dib]T

For clarity, Maxwell equation (8) is rewritten here as

r £ H D @D
@t

and we arrive at

Hz i .xi / D PT
H .xi / Pq2i .81/

where

PH .xi / D ¡xi C x2
i 2h ¡x2

i 2h
T

From Eq. (81), it can be seen that the magnetic � eld intensity is re-
lated to the velocity of the coordinates.As a consequence,magnetic
energy will be treated as electrical kinetic energy as before.11

Kinetic Energy
As stated earlier, kinetic energy includesboth mechanicalkinetic

energy and so-called electricalkinetic energy, i.e., magnetic energy.
The position vector of point P in the i th element is given by

ri D oi C pi

where oi and pi are expressed in the � xed-base frame as follows:

oi D a.µ /

&$.i ¡ 1/h

0

0

’%
; pi D a.µ /

&$ xi

wi .xi /

0

’%

with

a.µ/ D

&
$cosµ ¡sin µ 0

sin µ cosµ 0

0 0 1

’
%

being the transfomation matrix from the local reference frame to
the � xed-base frame. Thus the mechanical kinetic energy of the i th
element is

E M
k;i D

h

0

1

2
m.xi / PrT

i Pri dxi D 1

2
PqT
1i

£
h

0

m.xi /aT
i .xi ; ®i /ai .xi ; ®i / dxi Pq1i D 1

2
PqT
1i M

M
i Pq1i (82)

where

ai .xi ; ®i / D

&

6$
¡PT

w.xi /®i 0

[.i ¡ 1/h C xi ] PT
w.xi /

0 0

’

7%
; q1i D

µ

®i

and MM
i D m.xi /NM

i with

m.xi / D

ab½1 C .c1 C c2/b½2; i D 1; : : : ; .N ¡ 1/

ab½1 C .c1 C c2/b½2 C m3±.xi ¡ h/; i D N

being the mass per unit length and NM
i being de� ned in the Ap-

pendix.
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The electrical kinetic energy of the i th element is

E E
k;i D 1

2
b

h

0

¡ a
2

¡ a
2 ¡ c2

[BT H] dy dxi C 1

2
b

h

0

a
2 C c1

a
2

[BT H] dy dxi

D
1

2
PqT
2i

h

0
¹33b.c1 C c2/PH .xi /PT

H .xi / dxi Pq2i

D
1

2
PqT
2i M

E
i Pq2i (83)

where ME
i D ¹33b.c1 C c2/NE

i , with NE
i being de� ned in the Ap-

pendix.
The total kinetic energy is then given by

Ek;i D E M
k;i C E E

k;i D 1
2

PqT
1i M

M
i Pq1i C 1

2
PqT
2i M

E
i Pq2i .84/

Potential Energy
Potential energy includes three parts: the mechanical one, the

electricalone, and the coupledone, which will be obtainedas shown
in Eq. (86).

The same as before, the strain is in order13

S1 D ¡y
@2w.xi ; t/

@x2
i

D ¡yPT
s .xi /q1i

S2 D S3 D S4 D S5 D S6 D 0

where

Ps .xi / D

0; ¡ 6
h2

C 12xi

h3
; ¡ 4

h
C 6xi

h2
;

6
h2

¡ 12xi

h3
; ¡ 2

h
C 6xi

h2

T

The total potential energy for the i th element is then given by

E p;i D
1

2
b

h

0

¡ a
2

¡ a
2 ¡ c2

[ST FS C ET D] dy dxi

C 1

2
b

h

0

a
2

¡ a
2

ST FM dy dxi

C 1

2
b

h

0

a
2 C c1

a
2

[ST FS C ET D] dy dxi

D 1
2

qT
1i

h

0

³³
1
3

b

&
cM

11a
3

4
C cS

11

³
a

2
C c1

´3

C
³

a

2
C c2

´3

¡
a3

4

6
Ps .xi /PT

s .xi /

´́
dxi q1i

C 1

2
qT

2i

h

0

.c1 C c2/b¯22PD.xi /PT
D .xi / dxi q2i

C qT
2i

h

0

1
2
h12b.c1 ¡ c2/.c1 C c2 C a/PD.xi /PT

s .xi / dxi q1i

D 1

2
qT

1i K
M
i q1i C 1

2
qT

2i K
E
i q2i C qT

2i K
C
i q1i (86)

where KM
i D 1

3
bf.cm

11a
3=4/ C cs

11[.a=2/ C c1/3 C .a=2 C c2/3 ¡
a3= 4]g PM

i , KE
i D .c1 C c2/b ¯22 PM

i , and KC
i D 1

2
h12b.c1 ¡ c2/

.c1 Cc2 Ca/PC
i , with PM

i , PE
i , and PC

i beingde� ned in the Appendix.

Virtual Work
Similarly, virtual work also includes the mechanical one and the

electrical one.
The mechanical virtual work done by the applied force is

±W M
i D

h

0
¿i .xi ; t/±

@wi .xi ; t/

@xi
dxi C

h

0
¿i .xi ; t/±µ dxi

where ¿i .xi ; t/ is the motor torque applied to the i th element. Con-
sidering that there is only a motor torque ¿.t/ acting at the base, we
obtain the mechanical virtual work as

±W M
i D ±qT

1i F
M
i .87/

where

FM
1 D [¿ .t/; 0; ¿.t/; 0; 0]T

FM
i D [0; 0; 0; 0; 0]T ; for i 6D 1

The electrical virtual work done by the voltage is

±W E
i D

h

0

bVi .xi ; t/±Di .xi ; t/ dxi

Assuming that voltage Vi .xi ; t/ does not depend on xi , we have

±W E
i D ±qT

2i F
E
i .88/

where

FE
i D [.bhVi=2/ .bhVi=2/]T

Dynamic Equations
Applying the Euler–Lagrange equation (89), we can obtain the

dynamic equation of the whole system:

d

dt

@L

@ PQm ; j

¡
@L

@Qm ; j
D Fm; j .89/

where Qm ; j are the components of the combination of vectors q1i

and q2i , i D 1; : : : ; N , which leads to the generalized coordinates

Q1 D [µ; v1a; Á1a ; v2a ; Á2a ; : : : ; vN a ; ÁN a ; vN b; ÁN b]T

Q2 D [d1a ; d2a ; : : : ; dN a; dN b]T

L D
i D N

i D 1

[Ek;i ¡ E p;i ] D
i D N

i D 1

1

2
PqT
1i M

M
i Pq1i C PqT

2i M
E
i Pq2i

¡
³

1

2
qT

1i K
M
i q1i C 1

2
qT

2i K
E
i q2i

´
¡ qT

2i K
C
i q1i

D
1

2
PQT

1 MM PQ1 C
1

2
PQT

2 ME PQ2

¡
³

1

2
QT

1 KM Q1 C 1

2
QT

2 KE Q2

´
¡ 1

2
QT

2 KC Q1 (90)

and

FT
1 ±Q1 D

i D N

i D 1

±qT
1i F

M
i D

i D N

i D 1

FM
i;ext

T

±Q1

(91)

FT
2 ±Q2 D

i D N

i D 1

±qT
2i F

E
i D

i D N

i D 1

FE
i;ext

T

±Q2

MM D
i D N

i D 1

MM
i;ext; ME D

i D N

i D 1

ME
i;ext; KM D

i D N

i D 1

KM
i;ext

(92)

KE D
i D N

i D 1

KE
i;ext; KC D

i D N

i D 1

KC
i;ext

with ¤i;ext being the extended form of matrix ¤i in accordance with
Q1 and Q2 , whereas ¤i is in accordance with q1i and q2i . The term
Ih is added to MM

1;11 to include the kinetic energy of the hub, i.e.,
1
2
Ih

Pµ 2 . With regard to the boundary conditions, v1a D 0, Á1a D 0,
correspondingrows and/or columns of extendedmatrices should be
removed.
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Subsequently, the dynamic equations of the whole system are
given by

MM RQ1 C CM .Q1; PQ1/ PQ1 C KM Q1 C KC T
Q2 D F1 (93)

ME RQ2 C KE Q2 C KC Q1 D F2 (94)

Note that Q1;2 and Q1;3 have been removed from the vector Q1;
correspondingly,the coef� cient matrices’ rows and/or columns that
are related to coordinates Q1;2 and Q1;3 are also removed. The jkth
elements of the centripetal/Coriolis matrix CM have the following
form:

C M
jk D

1

2

l D N

l D 1

@ M M
jk

@ Q1;l
C

@ M M
jl

@Q1;k
¡

@M M
kl

@ Q1; j

PQ1;l

If we further de� ne Q D QT
1 QT

2

T
, Eqs. (93) and (94) can be

combined into

M RQ C C.Q; PQ/ PQ C KQ D F .95/

where

M D
MM 0

0 ME
; C D

CM 0

0 0

K D
KM KC T

KC KE
; F D

F1

F2

This model will be referred to as the full FEM model in the later
discussion.

Because matrix ME in Eq. (94) is very small, dynamics equa-
tion (94) is usually omitted. Thus a reduced system is obtained:

MM RQ1 C CM .Q1; PQ1/
PQ1 C KM ¡ KCT

KE ¡1
KC Q1

D F1 ¡ KCT
KE ¡1

F2 (96)

This model can also be derived by removing the electrical kinetic
energy from the system kinetic energy. It will be referred to as the
reduced FEM model in the following discussion.

We have the following remarks on the system properties, which
are similar to those of the pure � exible robot.4

1) The matrix M is symmetric and positive de� nite.
2) The matrix 1

2
PM ¡ C.Q; PQ/ is skew symmetric.

3) Although KM and KE are semipositive de� nite, K in the
full FEM model and KM ¡ KC T

KE ¡1
KC in the reduced FEM model

can be nonpositive de� nite if the value or structure of KC changes.
Remark 3 is in compliancewith the resultsof the AMM modeling.

It shows that the open-loop system may be unstable for certain
system parameters. Note that, although the � rst two properties are
similar to those of a pure � exible robot, the third property is quite
different from that of a pure � exible robot.

Open-Loop Simulation
We will take the open-loop simulations of both the AMM model

and the FEM model and compare them with each other. The system
parameters are listed in Table 1.

Figures 4 and 5 show the tip de� ection of the system when no
voltages are applied and a torque 0:1 Nm is applied on the hub for
0:1 s. Figure 4 shows that the responses become close to each other
as the number of the mode in the AMM model increases. It veri� es
that the dynamics of a smart materials robot is determined by the
dominantmodeswith lower frequencies.From Fig. 5, it is easy to see
that the responses of the AMM model and the FEM model become
closer to each other as the number of elements of the FEM model
increases. These � gures verify the correctness of both models.

When the frequency responses are investigated, two cases are
checked.First, we use the torque as the input and the joint angle and
the tip de� ection as the outputs. Second, the voltage at the base is
used as the input, and the outputs are the same as in the � rst case.
If voltages are applied at other points of the beam, the frequency
responses can be similarly obtained.

Table 1 System parameters

Names Values

I , kgm2 0.05
a, m 0.008
c1, m 0.008
c2, m 0.004
b, m 0.01
½1 , kg/m3 500
½2 , kg/m3 500
m3 , kg 0
L , m 1
cm

11 , N/m2 3 £ 108

cs
11 , N/m2 3 £ 108

¹, H/m 1:2 £ 10¡6

¯, m/F 4 £ 1012

h , V/m 1 £ 109

Fig. 4 Tip de� ections of smart materials robot with different numbers
of modes.

Fig. 5 Tip de� ections of smart materials robot.

When only the torque is used as the input, from the frequency
responsesshown in Figs. 6 and 7. we can see that the responseof the
AMM model and that of the FEM model are very close to each other
in the low-frequency ranges. In Fig. 6, from the resonant vibration
peaks, it can be seen that strong couplings of the � rst two � exible
modes,which are of lower frequencies,exist,whereas the couplings
with higher-frequencymodes are too weak to be seen and thuscanbe
omittedin practice.From the frequencyresponsein Fig. 7, it canalso
be clearly seen that the electrical dynamics with high frequencies
are so stronglydamped that they can be omitted. This is in line with
the theoretical results derived in the preceding sections of AMM
modeling and FEM modeling.
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Fig. 6 Frequency response with torque as input and angle as output.

Fig. 7 Frequency response with torque as input and tip de� ection as
output.

Fig. 8 Frequency response with voltage as input and angle as output.

When only the base voltage is used as input, it can be seen that
differences exist in Figs. 8 and 9. This is reasonable because we
treated electrical parts of the system differently in the three mod-
els. In the AMM model, both the electrical displacements and the
mechanical de� ections are functions of the same generalized co-
ordinates as described in Eqs. (66) and (67), and electrical kinetic
energy is included in Eq. (69). In the full FEM model, both elec-
trical dynamics and the electrical kinetic energy are considered. In

Table 2 Eigenvalues of K

h; V=m Eigenvalues

109 1.7669
34.0678
0:8 £ 108

2:4 £ 108

1010 1.7408
33.5658
0:8 £ 108

2:4 £ 108

1011 ¡0:8625
¡16:631
0:8 £ 108

2:4 £ 108

1012 ¡261:119
¡5035:97
0:8 £ 108

2:4 £ 108

Table 3 Eigenvalues
of KM ¡ KCT

KE¡ 1
KC

h; V=m Eigenvalues

109 1.7669
34.0678

1010 1.7408
33.5658

1011 ¡0:8625
¡16:631

1012 ¡261:119
¡5036:29

Fig. 9 Frequency response with voltage as input and tip de� ection as
output.

the reduced FEM model, because ME is very small, the electrical
dynamics is ignored, and the electrical kinetic energy is omitted
as shown in Eq. (96). Therefore, in Figs. 8 and 9, there are reso-
nant vibration peaks in the high-frequency range (1010 –1012 Hz)
for the full FEM model, whereas there are no such peaks for the
AMM model and the reduced FEM model. From Figs. 8 and 9, it
can be seen that the electrical dynamics is strongly damped (from
¡100 dB in the low-frequencyrange to more than ¡1000 dB in the
high-frequency range) in all cases; therefore, all of the models can
be used in practice for different applications.

For a one-element system, the eigenvalues of item K in Eq. (95)
and those of the item KM ¡ KCT

KE¡1
KC in Eq. (96) are listed in

Tables 2 and 3. We found that some eigenvalues become negative
when h12 becomes suf� cient large and results in an unstablesystem.
The results verify Remark 3 stated in the preceding section.
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Conclusion
Three dynamic models of a smart materials robot have been de-

rived in this paper. Although the in� nite dimensional Hamilton
model is too complicated to be applicable in engineeringpractice, it
is the foundation to understand the properties of this system and to
derive the AMM model and the FEM model, which have been trun-
cated into � nite dimensional form. Both the AMM model and the
FEM model can be used in the controllerdesign,whereas the gener-
alized coordinates in the FEM model are more physicallymeaning-
ful than those in the AMM model. All of these models have shown
that the model of a smart materials robot cannot be simply taken to
be the same as that of a pure � exible robot. The electricaldynamics
and mechanical dynamics have been included in the full models,
and the systemic analysesand frequencyresponseshave shown that
the former dynamics can be omitted in engineering applications.
Both mathematical models and numerical simulations have shown
that the stability of the open-loop system depends on the parameter
and the structure of the smart materials robot.
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